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Abstract
In the present paper, we investigate some geometrical properties
of the Camass-Holm equation (CHE). We establish the geometrical
equivalence between the CHE and the M-CIV equation using a link
with the motion of curves. We also show that these two equations are
gauge equivalent each to other.
1 Introduction
In this paper, we will study the geometry of the Camassa-Holm equation
(CHE) and its integrable spin equivalent counterpart - the so-called M-CIV
equation. The CHE is given by
ut − uxxt + 3uux − 2uuxx − uuxxx − αux = 0, (1)
where u(x, t) is a real function, α ∈ R. This equation was firstly obtained in
[1] and later rediscovered by Camassa and Holm in [2] as a model for shallow
water waves. There are many researchers investigated the CHE by different
analytical methods of solving the governing equation. In particular, it was
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shown to be an integrable equation admitting a bi-Hamiltonian formulation
and a Lax pair [3]. Due to its many remarkable properties, the CHE has
attracted a lot of attention in the recent past. In literature were also con-
structed some generalizations or correlated equations of the CHE. One of the
generalisations is the following Dullin-Gottwald-Holm equation
qt + uqx + 2uxq − αux − Γuxxx = 0, (2)
q − u+ uxx = 0. (3)
Note that the CHE can be rewrittten as
qt + 2uxq + uqx = 0, (4)
q − u+ uxx = 0, (5)
where u, q are some real functions. Another interesting subclass of integrable
systems is the so-called spin systems (equations). First example of integrable
spin systems is the Heisenberg ferromagnet equation (HFE) of the form
At +A ∧Axx = 0, (6)
where
A = (A1, A2, A3), A
2 = 1. (7)
Another example of integrable spin systems is the M-CIV equation. The
M-CIV equation is given by
Axt + (uAx)x +
k
4
A ∧Ax + 2(Ax ·At + 4uA
2
x)A = 0, (8)
A2x + 4β
2(u− uxx) = 0. (9)
In this paper, one of our goals is to study the relation between the CHE
and the M-CIV equation and their connections with differential geometry of
curves.
The outline of the present paper is organized as follows. In Section 2,
we present the M-CIV equation. Sections 3 and 4, the relations between
the motion of space and plane curves, the CHE and the M-CIV equation is
established. Then using this relation we found that the Lakshmanan (ge-
ometrical) equivalent counterpart of the M-CIV equation is the CHE. The
gauge equivalence between the M-CIV equation and the CHE is mentioned in
Section 5. In Section 6, we present the known peakon solutions of the CHE.
The dispersionless CHE is discussed in Section 7. The paper is concluded by
comments and remarks in Section 8.
2
2 M-CIV equation
Consider the M-CIV equation
[A,Axt + (uAx)x]−
1
β2
Ax = 0, (10)
where β = const and
u = (1− ∂2x)
−1 detAx =
1
A2x
[
C −
∫
(Ax ·Axt)dx
]
, A = (A1, A2, A3),(11)
A =
(
A3 A
−
A+ −A3
)
, A± = A1 ± iA2, A
2 = I, A2 = 1. (12)
Its LR reads as
ψx = Uψ, (13)
ψs = V ψ, (14)
where
U =
(
λ
4β
−
1
4
)
[A,Ax], (15)
V =
(
1
4β2
−
1
4λ2
)
A+
[
1
8βλ
−
1
8β2
−
(
λ
4β
−
1
4
)
u
]
[A,Ax] +
+
(
1
2λ
−
1
2β
)
[A,
β
2
At +
(
βu
2
−
1
4β
)
Ax]. (16)
3 Motion of space curves intuced by the M-
CIV equation
Note that to the CHE corresponds the motion of plane curves. But in this
section, we study the ”formally” more general case, namely, the motion of
space curves induced by the M-CIV equation.
3.1 Variant-I
Consider a smooth space curve in R3 given by
γ(x, t) : [0, X ]× [0, T ]→ R3, (17)
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where x is the arc length of the curve at each time t. The corresponding
unit tangent vector e1, principal normal vector e2 and binormal vector e3
are given by
e1 = γx, e2 =
γxx
|γxx|
, e3 = e1 ∧ e2, (18)
respectivily. The Frenet-Serret equation reads as

 e1e2
e3


x
= C

 e1e2
e3

 =

 0 κ1 κ2−κ1 0 τ
−κ2 −τ 0



 e1e2
e3

 , (19)
where τ , κ1 and κ2 are torsion, geodesic curvature and normal curvature of
the curve, respectively. Integrable deformation of the curves are given by
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= G

 e1e2
e3

 . (20)
Here
C = −τL1 + κ2L2 − κ1L3 =

 0 κ1 κ2−κ1 0 τ
−κ2 −τ 0

 , (21)
G = ω1L1 + ω2L2 − ω3L3 =

 0 ω3 ω2−ω3 0 ω1
−ω2 −ω1 0

 , (22)
where
L1 =

0 0 00 0 −1
0 1 0

 , L2 =

 0 0 10 0 0
−1 0 0

 , L3 =

0 −1 01 0 0
0 0 0

 (23)
are basis elements of so(3) algebra. The compatibility condition of these
equations is written as
Ct −Gx + [C,G] = 0 (24)
or in elements
κ1t − ω3x − κ2ω1 + τω2 = 0, (25)
κ2t − ω2x + κ1ω1 − τω3 = 0, (26)
τt − ω1x − κ1ω2 + κ2ω3 = 0. (27)
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Our next step is the following identification
A ≡ e1. (28)
We now make the following ”formal” assumption
κ1 = i, κ2 = λ(q − 1), τ = −iλ(1 + q), (29)
where q = −0.5(κ2− iτ) and r = 0.5(κ2+ iτ) are some functions, λ = const.
Then we have
ω1 = i[(0.5λ
−1 − λu)(q + 1) + 0.5λ−2(ux + uxx)], (30)
ω2 = [(0.5λ
−1 − λu)(q + 1) + 0.5λ−1(ux + uxx)], (31)
ω3 = i[0.5λ
−2 − u− ux]. (32)
Eqs.(25)-(27) give us the following equations for q, u:
qt + 2uxq + uqx = 0, (33)
q − u+ uxx = 0, (34)
which is the CHE. As it is well-known that the CHE is integrable. Its LR
has the form
ψxx = (0.25 + λ
2q)ψ, (35)
ψt = (0.5λ
−2 − u)ψx + 0.5uxψ. (36)
So, we have proved the Lakshmanan (geometrical) equivalence between
the M-CIV equation (10) and the CHE (33)-(34).
3.2 Variant-II
In this section, let us we assume that κ2 = 0. Then matrices C and D take
the form
C = −τL1 − κ1L3 =

 0 κ1 0−κ1 0 τ
0 −τ 0

 , (37)
G = ω1L1 + ω2L2 − ω3L3 =

 0 ω3 ω2−ω3 0 ω1
−ω2 −ω1 0

 . (38)
At the same time, the equations (25)-(27) read as
κ1t − ω3x + τω2 = 0, (39)
ω2x − κ1ω1 + τω3 = 0, (40)
τt − ω1x − κ1ω2 = 0. (41)
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We now again take the identification (28). The M-CIV equation can rewrite
as
Axt + (uAx)x +
k
4
[A,Ax] + 0.5(AtAx + AxAt + 2uA
2
x)A = 0. (42)
In the vector form it takes the form
Axt + (uAx)x +
k
4
A ∧Ax + 2(Ax ·At + 4uA
2
x)A = 0. (43)
As result, we have the following equations
ω2x + τω3 + uκ1τ + βκ1 = 0, (44)
ω3x − τω2 + (uκ1)x = 0, (45)
ω1 −
ω2x + τω3
κ1
= 0, (46)
so that we get
κ1t + (uκ1)x = 0. (47)
In this case we have
tr(A2x) = 2A
2
x = −8β
2q = 2κ21 (48)
or
q = −
1
4β2
κ21. (49)
Substituting all these formulas into the equation (47) gives us the CHE (33)-
(34)
qt + 2uxq + uqx = 0. (50)
4 Motion of plane curves intuced by the M-
CIV equation
As we mentioned above, to the CHE corresponds an integrable motion of
plane curves. For this reason, in this section, let us we assume that κ2 = τ =
ω1 = ω2 = 0 that is we consider the plane curves. Then matrices C and D
take the form
C =
(
0 κ1
−κ1 0
)
, G =
(
0 ω3
−ω3 0
)
. (51)
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In this case, Eqs. (25)-(27) take the form
κ1t − ω3x = 0. (52)
We now again take the identification (28). Then we have
ω3 = uκ1. (53)
We now assume that
q = u− uxx = −
1
4β2
κ21. (54)
Then the equation (52) gives
qt + 2uxq + uqx = 0 (55)
that is again the CHE.
5 Gauge equivalence
In the previous section, we have established the geometrical equivalence be-
tween the M-CIV equation and the CHE. Here we note that these equations
is gauge equivalent each to other [47].
6 Peakon solutions
It is well-known that the CHE has the so-called peaked soliton solutions or
peakons for short. The N -peakon solution of the CHE has the form
u(x, t) =
N∑
j=1
mj(t)e
−|x−xj(t)|, (56)
where xj(t) and mj(t) are the positions and the amplitudes. These functions
of the well-known peakon solutions satisfy the following set of equations
x˙k =
∂H
∂mk
=
N∑
j=1
mje
−|xk−xj |, (57)
m˙k = −
∂H
∂xk
=
N∑
j=1
mkmjsgn(xk − xj)e
−|xk−xj |, (58)
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where H is the Hamiltonian of the form
H =
1
2
N∑
k,j=1
mkmje
−|xk−xj |. (59)
Similarly, we can construct the peakon solutions of the M-CIV equation which
leave for the our next papers.
7 Dispersionless CHE
One of interesting subclass of integrable systems is the so-called dispersionless
equations. It is well-known that the CHE has the dispersionless counterpart.
Consider the CHE in the form
ǫut − ǫ
3uxxt + 3ǫuux − 2ǫ
2uuxx − ǫ
3uuxxx = αǫux. (60)
This equation we can rewrite as
ut − ǫ
2uxxt + 3uux − 2ǫuuxx − ǫ
2uuxxx = αux. (61)
Hence we obtain the following equation
ut + 3uux − αux = 0. (62)
This is the dispersionless CHE [48].
8 Conclusions
In this paper, we have established the relation between the M-CIV equation
(10) and the CHE (33)-(34). We have shown that the M-CIV equation (10)
and the CHE (33)-(34) is the geometrically equivalent each to other. Also
the gauge equivalence between these equations is shown. Our results are
significant for the deep understand of integrable spin systems and their re-
lations with differential geometry of curves and surfaces (see e.g. [6]-[47]) in
the peakon sector of integrable systems.
9 Acknowledgements
This work was supported by the Ministry of Edication and Science of Kaza-
khstan under grants 011800935 and 011800693.
8
References
[1] A. S. Fokas and B. Fuchssteiner. Sympletic structures, their B?cklund
transformations and hereditary symmetries, Physica D, 4, 47-66 (1981)
[2] R. Camassa and D.D. Holm. An Integrable Shallow Water Equation with
Peaked Solitons, Phys. Rev. Lett., 71, 1661-1664 (1993)
[3] R. Camassa, D. D. Holm and J. M. Hyman. A new integrable shallow
water equation, Adv. Appl. Mech, 31, 1-33 (1994)
[4] Hone A.N.W., Wang J.P. Integrable peakon equations with cubic nonlin-
earity, [arXiv:0805.4310]
[5] Zhaqilao. On solutions for the b-family of peakon equations,
[arXiv:1608.01810]
[6] G. Nugmanova, Z. Zhunussova, K. Yesmakhanova, G. Mamyrbekova,
R. Myrzakulov. International Journal of Mathematical, Computational,
Statistical, Natural and Physical Engineering, 9, N8, 328-331 (2015).
[7] J.-S. He, Y. Cheng, Y.-S. Li. Commun. Theor. Phys., 38, 493-496 (2002).
[8] U. Saleem, M. Hasan. J. Phys. A: Math. Theor., 43, 045204 (2010).
[9] M. Lakshmanan, Phil. Trans. R. Soc. A, 369 1280-1300 (2011).
[10] M. Lakshmanan, Phys. Lett. A, 64, 53-54 (1977).
[11] R. Myrzakulov, S. Vijayalakshmi, G. Nugmanova , M. Lakshmanan
Physics Letters A, 233 , 14-6, 391-396 (1997).
[12] R. Myrzakulov, S. Vijayalakshmi, R. Syzdykova, M. Lakshmanan, J.
Math. Phys., 39, 2122-2139 (1998).
[13] R. Myrzakulov, M. Lakshmanan, S. Vijayalakshmi, A. Danlybaeva , J.
Math. Phys., 39, 3765-3771 (1998).
[14] Myrzakulov R, Danlybaeva A.K, Nugmanova G.N. Theoretical and
Mathematical Physics, V.118, 13, P. 441-451 (1999).
[15] Myrzakulov R., Nugmanova G., Syzdykova R. Journal of Physics A:
Mathematical & Theoretical, V.31, 147, P.9535-9545 (1998).
[16] Myrzakulov R., Daniel M., Amuda R. Physica A., V.234, 13-4, P.715-724
(1997).
9
[17] Myrzakulov R., Makhankov V.G., Pashaev O.?. Letters in Mathematical
Physics, V.16, N1, P.83-92 (1989)
[18] Myrzakulov R., Makhankov V.G., Makhankov A. Physica Scripta, V.35,
N3, P. 233-237 (1987)
[19] Myrzakulov R., Pashaev O.?., Kholmurodov Kh. Physica Scripta, V.33,
N4, P. 378-384 (1986)
[20] Anco S.C., Myrzakulov R. Journal of Geometry and Physics, v.60, 1576-
1603 (2010)
[21] Myrzakulov R., Rahimov F.K., Myrzakul K., Serikbaev N.S. On the ge-
ometry of stationary Heisenberg ferromagnets. In: ”Non-linear waves:
Classical and Quantum Aspects”, Kluwer Academic Publishers, Dor-
drecht, Netherlands, P. 543-549 (2004)
[22] Myrzakulov R., Serikbaev N.S., Myrzakul Kur., Rahimov F.K. On con-
tinuous limits of some generalized compressible Heisenberg spin chains.
Journal of NATO Science Series II. Mathematics, Physics and Chem-
istry, V 153, P. 535-542 (2004)
[23] R.Myrzakulov, G. K. Mamyrbekova, G. N. Nugmanova, M. Laksh-
manan. Symmetry, 7(3), 1352-1375 (2015). [arXiv:1305.0098]
[24] R.Myrzakulov, G. K. Mamyrbekova, G. N. Nugmanova, K.
Yesmakhanova, M. Lakshmanan. Physics Letters A, 378, N30-31, 2118-
2123 (2014). [arXiv:1404.2088]
[25] Myrzakulov R., Martina L., Kozhamkulov T.A., Myrzakul Kur. Inte-
grable Heisenberg ferromagnets and soliton geometry of curves and sur-
faces. In book: ”Nonlinear Physics: Theory and Experiment. II”. World
Scientific, London, P. 248-253 (2003)
[26] Myrzakulov R. Integrability of the Gauss-Codazzi-Mainardi equation in
2+1 dimensions. In ”Mathematical Problems of Nonlinear Dynamics”,
Proc. of the Int. Conf. ”Progress in Nonlinear sciences”, Nizhny Nov-
gorod, Russia, July 2-6, 2001, V.1, P.314-319 (2001)
[27] Chen Chi, Zhou Zi-Xiang. Darboux Tranformation and Exact Solutions
of the Myrzakulov-I Equations. Chin. Phys. Lett., 26, N8, 080504 (2009)
[28] Chen Hai, Zhou Zi-Xiang. Darboux Transformation with a Double Spec-
tral Parameter for the Myrzakulov-I Equation. Chin. Phys. Lett., 31,
N12, 120504 (2014)
10
[29] Zhao-Wen Yan, Min-Ru Chen, Ke Wu, Wei-Zhong Zhao. J. Phys. Soc.
Jpn., 81, 094006 (2012)
[30] Yan Zhao-Wen, Chen Min-Ru, Wu Ke, Zhao Wei-Zhong. Commun.
Theor. Phys., 58, 463-468 (2012)
[31] K.R. Ysmakhanova, G.N. Nugmanova, Wei-Zhong Zhao, Ke Wu. Inte-
grable inhomogeneous Lakshmanan-Myrzakulov equation, [nlin/0604034]
[32] Zhen-Huan Zhang, Ming Deng, Wei-Zhong Zhao, Ke Wu. On the inte-
grable inhomogeneous Myrzakulov-I equation, [arXiv: nlin/0603069]
[33] Martina L, Myrzakul Kur., Myrzakulov R, Soliani G. Journal of Math-
ematical Physics, V.42, 13, P.1397-1417 (2001).
[34] Xiao-Yu Wu, Bo Tian, Hui-Ling Zhen, Wen-Rong Sun and Ya Sun.
Journal of Modern Optics, 2015.
[35] Z.S. Yersultanova, M. Zhassybayeva, K. Yesmakhanova, G. Nugmanova,
R. Myrzakulov. International Journal of Geometric Methods in Modern
Physics, 13, N1, 1550134 (2016).. [arXiv:1404.2270]
[36] Myrzakul Akbota and Myrzakulov Ratbay. Integrable Motion of Two
Interacting Curves and Heisenberg Ferromagnetic Equations, Abstracts
of XVIII-th Intern. Conference ”Geometry, Integrability and Quantiza-
tion”, June 3-8, 2016, Bulgaria.
[37] Myrzakul Akbota and Myrzakulov Ratbay. Integrable motion of two in-
teracting curves, spin systems and the Manakov system. International
Journal of Geometric Methods in Modern Physics, 13, N1, 1550134
(2016). [arXiv:1606.06598]
[38] Myrzakul Akbota and Myrzakulov Ratbay. Darboux transformations
and exact soliton solutions of integrable coupled spin systems related
with the Manakov system, [arXiv:1607.08151]
[39] Myrzakul Akbota and Myrzakulov Ratbay. Integrable geometric flows of
interacting curves/surfaces, multilayer spin systems and the vector non-
linear Schrodinger equation. International Journal of Geometric Methods
in Modern Physics, 13, N1, 1550134 (2016). [arXiv:1608.08553]
[40] Myrzakulova Zh., Myrzakul A., Nugmanova G., MyrzakulovR. Notes on
Integrable Motion of Two Interacting Curves and Two-layer Generalized
Heisenberg Ferromagnet Equations, [arXiv:1811:12216]
11
[41] Hussien R.A., Mohamed S.G. Generated Surfaces via Inextensible Flows
of Curves in R3. Journal of Applied Mathematics, v.2016, Article ID
6178961 (2016).
[42] Bao-Feng Feng. Complex short pulse and coupled complex short pulse
equations. Physica D 297 (2015) 62-75. [arXiv:1312.6431]
[43] Feng B-F., Maruno K., Ohta Y. Geometric formulation and multi-
dark soliton solution to the defocusing complex short pulse equation,
[arXiv:1603.00781]
[44] Shen S., Feng B.-F. and Ohta Y. From the real and complex coupled
dispersionless equations to the real and complex short pulse equations,
Stud. Appl. Math., v.136, 6488 (2016).
[45] Matsuno Y. Integrable multi-component generalization of a mod-
ified short pulse equation. J. Math. Phys. 57, 111507 (2016).
[arXiv:1607.01079]
[46] Bekova G., Yesmakhanova K., Shaikhova G., Nugmanova G., Myrza-
kulov R. Geometric formulation and soliton solutions of the Myrzakulov-
LXXIII equation and the complex short pulse equation,
[47] Myrzakulov R. et al. Gauge equivalence between the M-( equation and
the Camass-Holm equation, Vestnik ENU, 28, N3 (2016).
[48] Jonathan Eckhardt, Gerald Teschl. On the isospectral problem of the
dispersionless Camassa-Holm equation, [arXiv:1205.5831]
12
